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Abstract

We study the problem of solving matrix games of the form maxyeyy minpea p' Aw, where A
is some matrix and A is the probability simplex. This problem encapsulates canonical tasks such
as finding a linear separator and computing Nash equilibria in zero-sum games. However, perhaps
surprisingly, its inherent complexity (as formalized in the standard framework of oracle complexity
(Nemirovski and Yudin, 1983)) is not well-understood. In this work, we first identify different or-
acle models which are implicitly used by prior algorithms, amounting to multiplying the matrix A
by a vector from either one or both sides. We then prove complexity lower bounds for algorithms
under both access models, which in particular imply a separation between them. Specifically, we
start by showing that algorithms for linear separability based on one-sided multiplications must re-
quire 9(722) iterations, where 4 is the margin, as matched by the Perceptron algorithm. We then
prove that accelerated algorithms for this task, which utilize multiplications from both sides, must

require Q(%f/ 3) iterations, establishing the first oracle complexity barrier for such algorithms. Fi-
nally, by adapting our lower bound to ¢; geometry, we prove that computing an e-approximate Nash
equilibrium requires Q(e_Q/ %) iterations, which is an exponential improvement over the previously
best-known lower bound due to Hadiji et al. (2024).

Keywords: Matrix games, linear separability, Nash equilibrium, oracle complexity, lower bounds

1. Introduction

Given a matrix A € R™*? and some domain W C R%, we consider the optimization problem (also
known as a matrix game)
max min p' Aw = max min (Aw); , (1)
weW peAn—1 wew le{l,..,n}
where A" := {p € R" : min; p; > 0,31 | p; = 1} is the probability simplex. We denote the
optimal value of this problem as 4. The problem of finding w € W that approximates the optimum
of such problems is extensively studied throughout machine learning, statistics, optimization and

economics, as several important problems take this form, depending on the choice of the set WW. We
discuss two prominent cases:

1. Linear separability: When W = {w € R? : ||w|lz < 1} is the unit Euclidean ball, (1)
corresponds to the canonical problem of finding a linear separator (namely, a vector w such that
Ayw > 0 for all rows A; of A), and the optimal value v, is known as the margin. This is
a fundamental classification and linear programming problem which can be dated back to the
work of McCulloch and Pitts (1943), and is solved for instance by the well-known Perceptron
algorithm (Rosenblatt, 1958).
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2. Nash equilibria: When WW = A%~! ¢ R? is the simplex, (1) corresponds to maximizing the
utility of a player in a zero-sum bilinear game, and y4 is known as the game’s value. Due to the
minimax theorem, by symmetrically solving this problem for each of the players (namely, p and
w), this objective is equivalent to the canonical problem of finding a Nash equilibrium, or saddle
point, in zero-sum matrix games (Nash, 1950).

Perhaps surprisingly, although these are canonical problems with a long history (see Section 3),
the inherent complexity of solving them is relatively little studied. The goal of this paper is to study
this question through the standard framework of oracle complexity (Nemirovski and Yudin, 1983).
Specifically, we are interested in the performance limits of iterative algorithms, where each iteration
is based on a simple computation involving the matrix A, such as multiplying it by some vector or
extracting a row of A. This interaction between the algorithm and the matrix can be modeled as
accessing an oracle, which simulates this computation and provides the algorithm with the result.
We can then ask and rigorously study how many such oracle queries/computations are required,
so that an algorithm with no prior knowledge of A will solve the associated matrix problem up to
a given level of precision (see Section 2 for more details). In this paper, we focus on the high-
dimensional setting, where the size of the matrix A is essentially unrestricted, and we are interested
in bounds which are independent of (or only weakly dependent on) the matrix size.

Considering linear separability, it is well known that for matrices with normalized rows, the Per-
ceptron algorithm finds a linear separator using 0(722) iterations (each involving a single matrix-
vector multiplication and extraction of a single row of A), independently of n, d (Novikoff, 1962).
Half a century later, Soheili and Pena (2012); Yu et al. (2014) used acceleration techniques due to
Nesterov (2005a); Nemirovski (2004) respectively, and provided accelerated algorithms which find
a separator using only O(+/logn - 'y;l) iterations. However, a closer inspection of these methods
reveal that they rely on a stronger oracle access to the matrix A, amounting to multiplying A by
vectors on both sides (instead of just one-sided multiplications as required by the Perceptron algo-
rithm). Thus, one may ask whether such two-sided operations are necessary for these accelerated
results, and how close they are to being optimal.

As for approximating Nash equilibria, the best known algorithms return an e-suboptimal solu-
tion' using O(y/log(n)log(d) - € 1) two-sided matrix multiplication queries, a rate achieved by
several different algorithms in the literature (Nemirovski, 2004; Nesterov, 2005b, 2007; Rakhlin
and Sridharan, 2013). Corresponding lower bounds were missing, and only recently Hadiji et al.
(2024) proved a lower bound of Q(log(1/ne)) for sufficiently small ¢ = poly(1/n) and n = d.

Our contributions. In this work, we study the oracle complexity of solving matrix games involv-
ing the simplex as in (1). As mentioned earlier, we focus on the high-dimensional regime, where
the bounds should be independent (or at least not polynomial) in the matrix size n, d, and the matrix
A satisfies suitable magnitude constraints. Our contributions can be summarized as follows.

* One-sided vs. two-sided oracles (Section 3:) We start by identifying and formalizing different
oracle models for matrix games that are implicitly used by existing algorithms, as we will see that
these oracles lead to different complexities. One oracle model corresponds to querying rows of A,

1. More precisely, these algorithms guarantee returning an e-approximate saddle point, namely (W, p) € AT x
A" such that maX.,, e ad—1 plAw — mingean-1 p'Aw < e This implies e-suboptimality, since
max{maxycad-1 PprAW — ya, y4 — minge an—1 p' Aw} < e where 7, is the optimal value. Since the latter
inequality also implies the former (with 2¢ replacing €), we see that the two notions are the same up to a factor of 2.
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together with “one-sided” multiplication queries of the form w — Aw. The second (and stronger)
oracle model we will consider allows “two-sided” multiplications (p, w) — (p' A4, Aw).

* Linear separability with a one-sided oracle (Theorem 6): We first show that any deterministic
algorithm that performs row queries and one-sided multiplication queries, must require 9(722)
queries in the worst-case in order to find a linear separator. The claim is proved using a classic
lower bound technique due to Nemirovski and Yudin (1983). In particular, this establishes the
optimality of the Perceptron algorithm under this oracle model.

* Linear separability with a two-sided oracle (Theorem 7): We prove that any deterministic
algorithm which performs two-sided multiplication queries, must require 9(722/ 3) queries in the
worst-case in order to find a linear separator (where the 2 hides a logarithmic dependence on the
matrix size). To the best of our knowledge, this is the first oracle complexity lower bound for
linear separability, which applies even to accelerated algorithms. Compared to the lower bound
for the one-sided oracle, the proof of the lower bound for the two-sided oracle is substantially
more involved, and requires some new proof ideas.

* Nash equilibria with a two-sided oracle (Theorem 15): We prove that under the two-sided
oracle model, any deterministic algorithm requires 9(6_2/ %) oracle calls in order to find an e-
suboptimal strategy. Hence, the same lower bound holds for finding an e-approximate Nash equi-
librium, which is an exponential improvement over the previously known lower bound by Hadiji
et al. (2024). The proof is based on an adaptation of the linear separability lower bound technique
to an /1 geometry. Along the way, we also prove an identical lower bound for ¢1/simplex matrix
games, where W in Eq. (1) is the unit ¢; ball.

We conclude with a discussion and directions for future work in Section 6.

2. Preliminaries

Notation. We use capital letters to denote matrices, and bold-face letters to denote vectors. Vec-
tors are always in column form. Given an indexed vector v¢, vy ; denotes its i-th entry. e; denotes
the i-th standard basis vector. 1 is the all-ones vector. Given a matrix A, A; refers to its {-th row.
|| - || refers to the Euclidean norm || - ||2, || - ||, refers to the £, norm, and log(-) refers to the natural
logarithm, unless specified otherwise. Finally, [n] is shorthand for {1,...,n}.

Oracle Complexity. As described in the introduction, we study the complexity of matrix games
via the well-known optimization-theoretic frameork of oracle complexity (Nemirovski and Yudin,
1983). This framework focuses on iterative methods, where each iteration utilizes some restricted
information about the relevant objective function. In our context of matrix games as in Eq. (1), we
assume that the domain WV is fixed and known, and that the matrix A is known to belong to some set
/. For linear separability, in light of existing methods and upper bounds, it is natural to consider
all n x d matrices whose rows have Euclidean norm at most 1. Similarly, for Nash equilibrium, it is
natural to consider all n x d matrices whose entries have values in [—1, +1]. Crucially, the algorithm
has no additional prior knowledge of A. In order to solve the matrix problem, the algorithm has
access to an oracle O(-) which provides some limited information about A: For example, given
the vectors p € R®,w € R? chosen by the algorithm, the oracle returns p' A and Aw. The
algorithm interacts with the oracle for a given number of iterations, after which it returns an output
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as a function of all previous oracle responses. One can then ask how many iterations are required by
some algorithm, for the output to satisfy a certain performance metric for all A € o7 (as a function of
the problem parameters n, d, .o/, VW and the type of oracle O(+)). This framework naturally models
standard scalable approaches for solving matrix games, and allows one to prove both upper bounds
and unconditional lower bounds for iterative algorithms, assuming they interact with the matrix A
in a manner corresponding to the given oracle.

Remark 1 In this paper, we focus on deterministic algorithms, whose oracle queries and output
are deterministic function of the previous oracle responses. Since all state-of-the-art algorithms for
the problems we consider are deterministic, this is without too much loss of generality. However,
extending our lower bounds to randomized algorithms is certainly an interesting direction for future
work (see Section 6 for more details).

3. Oracle models

To motivate the oracles that we consider, let us begin by examining the classical Perceptron algo-
rithm (Rosenblatt, 1958) for linear separability: Given the matrix A (and assuming that a linear
separator exists), the algorithm iteratively searches for a row A; of A such that A;yw < 0 (where w
is the current iterate), and then adds A; to w. This process is repeated until no such rows are found.
It is well-known that this algorithm will terminate in at most O(’y{f) iterations, resulting in a linear
separator w such that min; ¢, (Aw); > 0. From an oracle complexity perspective, each iteration of
the algorithm can be modeled via two operations on A: One is a right matrix-vector multiplication
w — Aw, and the second is the extraction of a row of A whose inner product with w is negative.
We can formally model these operations via the following oracle:

Definition 2 (One-sided Oracle Of') Given some w € R? and index | € [n), the oracle O (1, w)
returns Aw and A,.

Thus, the Perceptron’s convergence guarantee implies that O('yf) queries to a one-sided oracle is
sufficient for finding a linear separator. In fact, a more general result can be achieved by applying the
well-known subgradient method on the equivalent convex problem miny. |w|j<1 Maxpea p'(—A)w.
Specifically, by standard results, this method requires O(1/€e?) subgradient computations in order
to find a vector w whose value is e-suboptimal (Nesterov, 2018). This holds for any €, whereas the
guarantee for the Perceptron is merely for the special case € = 4 (namely, we seek a solution whose
value is > 0, with the optimal value being v 4). From an oracle-complexity perspective, implement-
ing such methods requires access to supergradients of the function f(w) = min,ean-1 p Aw =
minc, (Aw);, which equal Ay, where Iy € argminjcp,(Aw);. Thus, we can model these
methods as iteratively interacting with the following supergradient oracle:

Definition 3 (Supergradient Oracle O) Given some w € R, the oracle O4(w) returns A,
where lyin € arg minep, (Aw);.

Note that this oracle is strictly weaker than a one-sided oracle (up to a factor of 2): On the one hand,
we can simulate each call to a supergradient oracle by two calls to a one-sided oracle. On the other
hand, a one-sided oracle allows us to extract any single row of A, and not just the one corresponding
to the smallest entry in Aw. In what follows, we will prove lower bounds for any algorithm based
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on a one-sided oracle, and thus the lower bounds automatically extend to any algorithm based on a
supergradient oracle.

As we discussed earlier, works such as Soheili and Pena (2012) and Yu et al. (2014) show that
the 0(722) iteration bound of the Perceptron algorithm can actually be improved. In a nutshell, this
is achieved by applying accelerated gradient methods on top of a smoothing of the objective function
(using, for example, the log-sum-exp function instead of a hard max). These result in bounds of the
form O(y/log(n)/v4) for matrices with margin parameter -4, or more generally, O(+/log(n)/e)
iterations to get an e-optimal solution. Accelerated methods to maximize the margin were also
proposed in (Ji et al., 2021; Wang et al., 2023).

Why can these accelerated methods beat the Perceptron bound, from an oracle-complexity per-
spective? A close inspection of these methods reveal that they all actually require a stronger oracle
than a supergradient (or even one-sided) oracle: They crucially require two-sided matrix-vector
multiplications. In more detail, accelerated gradient methods can optimize convex functions with
L-Lipschitz gradients to suboptimality € with O(y/L/¢) gradient computations. Moreover, for any
€, the min (or max) operator can be approximated to accuracy € using a smooth function f with
(log(n)/e€)-Lipschitz gradients. Combining these two observations, it follows that one can optimize
the original matrix problem to accuracy 2¢, using O(4/(log(n)/€)/€) = O(y/log(n)/e€) gradient
computations of the function w — f(Aw). The gradient of this function is given by AT f'(Aw),
S0 its computation requires multiplying the matrix A from both the left and from the right. Thus,
we are led to the following natural two-sided oracle model:

Definition 4 (Two-sided Oracle O2A) Given some p € R", w € R, the oracle (’)é“(p, W) returns
Aw and p " A.

Clearly, a two-sided oracle is stronger than one-sided, since O{!(I, w) can be simulated by 04! (e;, w).
As far as we know, all existing accelerated algorithms for linear separability can be implemented
with such an oracle, so any lower bound for algorithms based on this oracle will apply to them. We
also note that lower bounds with respect to two-sided oracles were studied in the context of solving
linear equations (Nemirovsky, 1992), which does not directly relate to our results or proofs.

Although we have considered so far the linear separability problem, a two-sided oracle is also
very natural to model algorithms for other matrix games. In particular, for computing a Nash
equilibrium, a two-sided oracle corresponds precisely to a first-order (or gradient) oracle, which
given w, p, returns the gradient of the function (w,p) — p' Aw (namely p' A and Aw). Un-
der this well-studied setting, the best-known method dating back to Nemirovski (2004) requires
O(4/log(n)log(d)/e) two-sided oracle calls in order to find an e-optimal solution (see also Nes-
terov (2005b, 2007); Rakhlin and Sridharan (2013) and Hadjiji et al. (2024) for a detailed discussion
of other results). However, very little work appears to exist on lower bounds, with the notable ex-
ception of Hadiji et al. (2024), whose bound is 2(log(1/(n€))) — namely, logarithmic in 1/e — and
when n = d.

Remark 5 In all oracle definitions, we do not restrict the input w to lie in W, nor p to lie in A" .
Thus, our lower bounds will apply equally to algorithms which can query outside these domains.
Additional Related work

Dimension-dependent oracle complexity. Besides the accelerated algorithms for linear sepa-
rability discussed earlier (with convergence rate O(log(n) - €~ 1)), there exists another family of
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rescaling-based methods, which can achieve an even faster (logarithmic) dependence on ¢!, but
with iteration bounds scaling polynomially with the matrix dimensions (Dunagan and Vempala,
2004; Belloni et al., 2009; Pena and Soheili, 2016; Dadush et al., 2020). This is akin to the situation
in convex optimization, where one can trade off between algorithms with dimension-independent,
poly(e~!)-dependent guarantees (using gradient or subgradient methods), and algorithms with poly-
dimension-dependent, log(e~!)-dependent guarantees (using methods such as interior points, ellip-
soids, or center-of-gravity, see Nesterov, 2018). Similarly, several works developed algorithms
for general matrix games that reduce the e-dependence at the cost of polynomial dependencies
on n, d, thus improving size-independent algorithms in certain parameter regimes (Carmon et al.,
2019, 2024). Since our focus is on size-independent (or near independent) bounds, these family of
methods are orthogonal to our work, although understanding the ultimate limits in those regimes is
interesting as well.

Other oracle models. Going beyond matrix games, there exist quite a few oracle complexity
lower bounds for more general minmax convex-concave optimization problems (e.g., Ibrahim et al.,
2020; Ouyang and Xu, 2021), but the constructions do not apply to matrix games as we consider.
Carmon et al. (2020b) considered the oracle complexity of optimizing the maximum of several
linear functions using a ball oracle, which returns the optimum in a small ball around a given point.
Although the structure of the objective function is closely related to ours, the oracle is different
than the one we consider here (as far as we can surmise). Moreover, their lower bound construction
requires non-homogeneous linear functions, which are not included in the matrix game settings that
we consider. Clarkson et al. (2012) provide an Q(’yf) oracle complexity lower bound for linear
separability, but for a weaker oracle which only returns individual matrix entries.

4. Linear separability: />/simplex games
In this section, we assume that W is the unit Euclidean ball in R%, so the problem of interest is

max min p' Aw = max min(Aw); . 2)
weRd:|[wl|la<1 peAn—1! weRd:||wl[2<1 l€[n]
As previously discussed, this corresponds to the canonical problem of finding a max-margin linear
separator for a dataset comprised of A’s rows.

4.1. Oracle complexity with a one-sided oracle

We begin by formally showing that any algorithm using a one-sided oracle for 7" iterations cannot
find a linear separator (a vector w such that Aw has only positive entries), if the margin parameter
is less than Q(1/+/T). Since a supergradient oracle is weaker than a one-sided oracle, the same
result automatically applies to any algorithm based on a supergradient oracle.

Theorem 6 Suppose d > 2T + 1. Then for any deterministic algorithm for solving Eq. (2), there
exists a (T + 1) x d matrix A satisfying

1
max |4 =1 and max min p Aw > ——
le[T+1] 4 wil|w[<1peAn—! P T VT H+1

yet after T rounds of interaction with a one-sided oracle O3\, the algorithm returns a vector W,
such that minge an—1 p' Awr, i <0.
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By fixing some v4 > 0 and setting T' = [7;2}, we can restate this result as follows: For any
~v4, and for any algorithm whose interaction with A is captured by a one-sided oracle, there exists
a matrix A (with unit rows and margin parameter at least v4) such that the required number of
iterations to find a linear separator is 9(722), as claimed in the introduction.

We emphasize that the proof of this particular theorem is a rather straightforward adaptation of

existing techniques, and its main purpose is to complete the picture regarding the power of different
oracles to solve this matrix game. Nevertheless, the proof provided below illustrates the iterative
nature of such constructions, an idea which is also used in the proofs of our other results.
Proof [of Theorem 6] The proof is directly inspired by standard oracle complexity lower bounds for
convex Lipschitz optimization due to Nemirovski and Yudin (1983), as well as the standard lower
bound proof of the Perceptron algorithm (cf. Shalev-Shwartz and Ben-David, 2014, section 9.5,
question 3). The main idea is to construct A’s row as mutually orthogonal unit vectors, which are
also orthogonal to the algorithm’s queries w;. Therefore, the algorithm can recover the rows one
at a time, by querying for a particular row. However, if the number of rows is larger than T, there
will remain rows orthogonal to wr 1. Therefore, w1 will not be a linear separator for A. On the
other hand, since A has T+ 1 orthogonal rows, it can be shown to be linearly separable with margin
1/v/T+1.

More formally, given an algorithm A, consider the following iterative construction:
* Initialize £y = (), and Ay to be the the all-zeros (7' + 1) X d matrix.

e Fort=1,2,...,T:

Compute algorithm queries wy, [; (based on oracle outputs received so far).
Set Ay := A;_qand L; := L4_1.
Ifl; & L1

% Set the [;-th row of A; to be some arbitrary unit vector, orthogonal to wy, ..., w;
as well the rows of A; indexed by L;.

* Set Ly = L1 U {lt}

Feed A with A;w; and with the /;-th row of A; (as a response for its queries wy, l;).

* Compute algorithm output wr; (based on oracle outputs so far).

» Set A= Ap, and setall rows [ ¢ L of A to be some mutually orthogonal unit vectors which
are also orthogonal to w1y, ..., Wr4.

We note that since 27" + 1 < d, the dimensionality is sufficiently high to find orthogonal unit
vectors as specified. Moreover, it is easy to verify that because of the orthogonality, it holds that
Aywy = Aw, for all t € [T]: Namely, the responses given to the algorithm are consistent with the
oracle responses on the matrix A. However, after T iterations, |Lp| < T, yet there are 7' + 1 rows.

Therefore, at least one row of A will be chosen to be orthogonal to w1, ..., W1, and in particular
to wr 1. Hence, Aw7 ;1 contains a 0 entry, SO mingean-—1 p'Awp 1 <0.

On the other hand, the unit vector w := \/T17+1 llel A; (where A; is the [-th row of A,
with the rows being mutually orthogonal unit vectors) satisfies Aw = \/ﬁ - 1, and therefore,
MaXy:||w|<1 MilpeAn—1 p'Aw > \/7%1 |
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4.2. Oracle complexity with a two-sided oracle

We now turn to an oracle complexity lower bound for the much stronger two-sided oracle (’)g‘:

Theorem 7 The following holds for some large enough universal constant ¢ > 0: For any T > c,
suppose d,n are sufficiently large so that d > c¢T and n > ¢T?log(T). Then for any deterministic
algorithm for solving Eq. (2), there exists an n X d matrix A satisfying

1
m =z

InaX||Al|| <1 and max min p Aw > ————
€ln] wi|[w||<1peAn—t cT'\/T log(n)

yet after T rounds of interaction with the two-sided oracle O3, the algorithm returns a vector W,
such that minge an—1 p'Awr <O0.

As before, we can state this lower bounds in terms of a margin parameter v4: Given any small
enough 4, we can choose 7" such that 1/(¢T'\/T log(n)) > -4, and get that for any algorithm,
there exists an n x d matrix A (for large enough n,d) with margin parameter at least v4 and
rows of norm at most 1, such that the required number of iterations 7" to find a linear separator
is Q(log™/3(n) - 722/3).

We now turn to discuss the proof of Theorem 7. We begin by noting that the proof technique
of Theorem 6 is of no use here, as it is based on revealing the rows of A to the algorithm one at
a time. This is not possible with a two-sided oracle, which allows us (for instance) to compute an
arbitrary weighted combination of all rows of A using a single query. A second difficulty is that we
consider a very simple class of homogeneous bilinear functions, which means that any lower bound
necessarily has to be of this form (as opposed to more general min-max optimization problems,
where for lower bounds we can use functions with a richer structure). To handle these difficulties,
we introduce a different proof technique, which still forces the algorithm to discover information
about A in an incremental manner, but in terms of certain vector outer products rather than rows.
Specifically, we will utilize the following randomized construction of A:

Construction 8 Given an iteration bound T' > 1 such that 2T + 1 < min{n, d}, positive param-
eters o, B, and an algorithm A interacting with a two-sided oracle for T iterations, the matrix A is

defined as

T
I T
(Vi1 — u vrurgy
J=1

where Vj, v; € R", u; € RY, and these vectors are constructed iteratively as follows:
e Let vog = ol (where 1 is the all-ones vector).
e Fort=1,2,...,T+1:

— Compute algorithm queries py, Wy (based on oracle outputs received so far).

— Let uy be some unit vector in R, which is orthogonaltouy, ..., w_1 andtowy,..., Wy
— Let vi = B(I — M;M,")§,, where (1) the columns of M; € R™ %, s, < 2t are an
orthogonal basis for vo,...,vi_1,P1,--.,Pt and (2) &, is an independent standard

Gaussian random vector in R™.
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— Let A; = Z;zl(vj_l — Vj)u;»r, and feed A with p; Ay and Aywy (as a response to its
queries Pt, Wt).

Note that by construction, v; is a standard Gaussian random vector in R", scaled by (3 and projected
on the subspace orthogonal to vy, ..., v;—1, P1, - - - , Pt (hence, v is orthogonal to all these vectors).
This is possible by the assumption 27" + 1 < n, which implies that M, is always a “thin” matrix
representing the basis of a strict subspace of R". Similarly, the assumption 27"+ 1 < d implies that
choosing u; € R as orthogonal to 2t — 1 given vectors (as described above) is indeed possible.
The choice of a Gaussian distribution is crucially used in order to control the sign and magnitudes
of various quantities associated with the matrix, as will be seen later in the proof.

For the construction to be useful, we need to ensure that the oracle responses as defined above
(using intermediate matrices A;) are all consistent with the same fixed matrix A in hindsight. This
is formalized in the following lemma, whose proof easily follows from the orthogonality properties
in the construction, as detailed in the appendix.

Lemma 9 (Responses simulate oracle on A) Forallt € [T]: p; A; = p] A and Ayw; = Aw,.
Therefore, the sequences of vectors {pi Y1, {w¢ }i\" are the same as if the algorithm was fed with
the oracle O4 for T iterations. Moreover, Awr 1, = Z;‘le(vj_l — Vj)uijTH.

A second crucial requirement for the construction is that the resulting matrix A is linearly sep-
arable with some margin. This is formalized in the following lemma:

Lemma 10 (Separator exists) For A as defined in Construction 8, it holds that

. T «
max min p Aw > ——.
wil|w[<1peAn—! T+1
The proof of Lemma 10 notes that Aw = \/;7“1 for w := \/7}7“ ZtT;ll u;, which is a unit

vector following the orthonormality properties in the construction, as detailed in the appendix.

A final consistency requirement for the construction is that we need to choose the «, 3 param-
eters appropriately, to satisfy the constraint that each row of A must have norm at most 1 (at least
with high probability, which implies that a suitable choice of A exists). This can be ensured via the
following lemma:

Lemma 11 (Rows of A are bounded) Suppose A is constructed as in Construction 8. Then for
any 6 € (0,1) such that 2a* + 8T log (2TT”) % < 1 it holds with probability at least 1 — § that
maxey || Ail| < 1, where Ay is the l-th row of A.

The proof of the lemma appears in the appendix, and follows from Gaussian concentration proper-
ties. With these consistency components in place, the main task now is to show that the algorithm’s
output w4 cannot be a linear separator for A (or at least, with high probability over the ran-
domized choice of A, which implies that a suitable A exists). This is formalized in the following
proposition:

Proposition 12 (Algorithm returns a non-separator) Suppose A is constructed as in Construc-
tion 8, and that %" < % Then for any 6 € (0,1), if T/ w < %, then with probability at



KORNOWSKI SHAMIR

least 1 — § — exp (T log(2n) — 2) over the choice of €, . . ., Ep, it holds that

T
sup min p' E (Vj—1 —Vvj) u]Tw <0,
WERd pGA” 1 j_l

and thus (by Lemma 9), ming,c an—1 pTAwT+1 <0.

The formal proof (which appears in the appendix) is rather involved. At a high level, we use Gaus-
sian concentration properties and an e-net argument, to show that with high probability over the
randomized construction, it holds for any w that the vector Z]T:1(Vj—l — vj)uij contains an
entry which is upper bounded by a certain expression, which we then prove to be non-positive.
Therefore, minpea p' erzl(Vj—l — vj)u;—w is non-positive for all w. Combining the proposi-
tion with the lemmas above, and choosing the «, 5 parameters appropriately, Theorem 7 follows, as
detailed in the appendix.

Remark 13 (Number of oracle queries vs. number of matrix-vector multiplications) As defined,
the two-sided oracle allows two matrix-vector multiplications (one from each side of the matrix A)
in each oracle call. Thus, up to a factor of 2, any complexity lower bound for a two-sided oracle
automatically implies a lower bound on the required total number of matrix-vector multiplications
(on either side of the matrix). However, we note that our proof technique can be potentially ap-
plied to get a slightly stronger result: Namely, a similar lower bound on the number of alternations
between a right matrix-vector multiplication and a left matrix-vector multiplication, assuming the
matrix size is large enough.”

5. Nash equilibria: simplex/simplex games

We now turn to consider matrix games in which the domain W C R¢ is the probability simplex:

L, min Pl AW ®
As previously discussed, the objective above corresponds to finding a Nash equilibrium in zero-sum
bilinear games. In this section we will assume that each entry of A is in [—1,+1], which is the
standard normalization for this setting (cf. Nemirovski, 2004; Hadiji et al., 2024).

Following previous works on algorithms for this problem, we consider lower bounds for the
oracle complexity of Eq. (3), using a two-sided oracle. We note that for this problem, a two-
sided oracle is exactly equivalent to a first-order (or gradient) oracle for Eq. (3), which returns the
gradient of p " Aw with respect to some given p, w (namely, Aw and p' A). Thus, our lower bound
automatically applies to solving Eq. (3) using a first-order oracle.

2. Specifically, consider a model where the algorithm performs a single matrix-vector multiplication in each itera-
tion. Then we can modify Construction 8, so that if there is a sequence of right matrix-vector multiplications using
Wi, ,..., Wiy, We can simply pick a single vector u;, which is orthogonal to all of them, rather than construct-
ing a sequence of vectors Uy, ..., Us,. Similarly, if there is a sequence of left matrix-vector multiplications using
Pty - - -5 Pty, We can pick a single v¢, which is orthogonal to all of them, rather than constructing a sequence of
vectors v, , ..., Vi,. Thus, the total number of vectors ui, vi, u2, va, ..., and hence ultimately the lower bound,
does not scale with the total number of matrix-vector multiplications performed by the algorithm, but rather with the
number of alternations between left and right matrix-vector multiplications.

10
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We prove the lower bound in two stages: First, we show by reduction that it is sufficient to prove
an oracle complexity lower bounds for the ¢;/simplex game

. T
weRdw]1<1 peAn-i D AW, @
namely where the simplex domain is enlarged to the entire ¢, ball. In the second stage, we prove
such a lower bound for the ¢;/simplex game (which of course, may be of independent interest).
Following this plan, we start by proving that an algorithm for solving (3) (over the simplex) can
be readily converted to an algorithm for solving (4) (over the ¢; ball), with similar guarantees. Thus,
to prove an oracle complexity lower bound for simplex/simplex games (3), it is sufficient to prove a
lower bound for solving ¢1/simplex games (4).

Proposition 14  Suppose there is an algorithm A that for any matrix A € [—1,41]"*%, after
interacting with (’)g‘ for T iterations, returns a vector w1 € A*71 such that

max min p'Aw | —( min p'Awry ) < e(T,n,d) .
weA2d-1 peAn—1 peAn—1

Then there is an algorithm such that for any A € [—1, +1]”Xd, after interacting with (954 forT

iterations, it returns a vector wr11 € Re, ||wry 1|1 < 1 such that

max min p'Aw | —( min p'Awry ) < (T, n,d).
weR®:||w|1<1peAn—1 peAn—!

The formal proof appears in the appendix. In a nutshell, the idea is that given a matrix A €
[—1,41]"*? and an algorithm for a simplex/simplex matrix game, we can feed the algorithm with
the matrix (A; —A) € R™*2?, and convert the algorithm’s output w (a vector in the (2d — 1)-
simplex) to a d-dimensional vector w’ in the ¢; unit ball, so that Aw’ = (A4; —A)w, leading to
similar guarantees. We note that the reduction does require us to modify the matrix width d by
a factor of 2, but this will not affect our lower bound by more than a small constant factor (as
the bound we will show applies to any sufficiently large d). We also note that the computational
complexity of the two algorithms in the reduction are essentially identical.

We now turn to consider an oracle complexity lower bound for ¢;/simplex games (4), using a
two-sided oracle. Our main result is the following:

Theorem 15 The following holds for some large enough universal constant ¢ > 0: Foranyl' > c,
suppose d,n are sufficiently large so that d > ¢T and n > c¢T?log(T). Then for any deterministic
algorithm for solving Eq. (4), there exists a matrix A € [—1, —l—l]”Xd satisfying

1 1

. T
max  min Aw > . ,
wi[wl|1 <1 peAn—t P clog(d)+/log(n) T?VT

yet after T rounds of interaction with the two-sided oracle O3, the algorithm returns a vector Wi
such that minge an—1 pTAwT+1 < 0.

In particular, by fixing some small enough € > 0 and choosing 7' such that the lower bound
in the theorem is at least €, we can restate the bound as follows: If the number of iterations 1T'
is less than Q(log(d)~2/%log(n)~1/%¢=2/5), there exists a matrix A such that the optimal value is

11
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at least ¢, yet the algorithm’s output has value less than 0, hence is suboptimal by at least ¢. As
discussed previously, by Proposition 14, this lower bound for ¢;/simplex automatically extends to
simplex/simplex games, up to a small numerical constant which is absorbed in the €)(-) notation.

To prove the theorem, we utilize a construction very similar to the /5 case in the previous section,
except that the vectors need to be scaled differently, to satisfy the different constraints on A and w.
Moreover, since now the constraint on A is that each individual entry is in [—1, +1], we need to
choose each u; in Construction 8 more carefully, as follows:

Construction 16 Suppose the matrix A is constructed as in Construction 8, where instead of uy

being an arbitrary unit vector (orthogonal touy, . .., W_1 and w1, ..., Wy), it is chosen specifically

as the unit vector m([ — Ny N,")&,, where the columns of Ny € R¥*%, ¢, < 2t — 1 are
TV )8t

an orthogonal basis foruy, ..., vi_1,W1,...,wy, and & ~ N (0, I) is an independent Gaussian.

By construction, u; still satisfies the desideratum that it is a unit vector orthogonal touy, ..., vi_1
and wy, ..., w;. However, this particular construction gives us probabilistic control over the mag-
nitude of its individual entries. Specifically, we have the following:

Lemma 17 (Good solution exists) For A as defined in Construction 16, and for any 6 € (0,1),

it holds with probability at least 1 — 2T (§ + exp(—d/48)) with respect to the construction that
: T

man:HW”1S1 mlnpeAn—l P Aw Z Wog@d/&)

Lemma 18 (Entries of A are bounded) Suppose A is constructed as in Construction 16. Then

forany § € (0,1) such that ) 31824/9) . <a +2T8,/2 log(2Tn/5)> < 1 it holds with probability
at least 1 — 3T (6 + exp(—d/48)) that A € [—1,+1]"*4,

Note that the lemmas above are variants of Lemma 10 and Lemma 11 respectively. Combining
them with Proposition 12 (which is unaffected by the additional constraint in Construction 16), and
choosing «, 8 accordingly, the proof of Theorem 15 readily follows, as detailed in the appendix.

6. Discussion

In this paper, we studied the oracle complexity of solving matrix games based on the simplex. This
well-studied problem class encapsulates tasks such as finding a linear separator and computing a
Nash equilibrium in bilinear zero-sum games. By identifying distinct oracle models corresponding
to either one-sided or two-sided multiplication by the matrix A, we were able to shed light on
previous algorithmic approaches for this task, and to provide several new lower bounds.

For ¢5/simplex games which correspond to the linear separability task, we first showed that a
one-sided oracle leads to complexity no better than 9(722), attained by the classical Perceptron
algorithm. Interestingly, this implies a separation between our oracle models, since accelerated
methods utilizing two-sided oracle access can achieve a better rate of 0(721 ). However, we showed
that even with such improved methods, the achievable rate can be no better than 9(722/ 3). To the
best of our knowledge, this is the first oracle complexity lower bound for this setting. Nonetheless,
it still leaves a gap of O(v:/ 3) between the upper and lower bounds. Closing this gap, either by
designing better algorithms or by improving the lower bound, is an interesting open problem.

12
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As for simplex/simplex and ¢;/simplex games, we prove an Q(e*2/ %) iteration lower bound for
computing an e-suboptimal solution, for any algorithm using a two-sided oracle, implying the same
lower bound for computing an e-approximate Nash equilibrium. This is an exponential improvement
over the previously known lower bound for this task due to Hadiji et al. (2024), leaving open a
O(e3/5) gap compared to the best known upper bound of O(e1).

Another open problem is extending our lower bounds to randomized algorithms. Since our
constructions required simulation of the algorithm’s responses, it is not immediately clear how this
can be achieved. We note that previous extensions of oracle complexity lower bounds to randomized
algorithms (Nemirovski and Yudin, 1983; Carmon et al., 2020a; Arjevani et al., 2023) crucially
relied on non-linear modifications of the “hard” target function, which is not possible when we
restrict ourselves to bilinear functions.
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Appendix A. Missing proofs from Section 4.2
A.1. Proof of Lemma 9

By the orthogonality assumptions in the construction, for any ¢,

t T

T T T T T T T
p/ A =p; | D (via—viuj | =p/ | D (vj1—vjuj +vrur | =plA.
Jj=1 Jj=1
Similarly,
t T
T
Aywy = Z(vj_l — vj)uj w; = Z (Vj—1 — u + vTuTH w; = Aw; .
j:l :

Since p¢, wy at iteration ¢ are determined by the previous oracle calls, it follows by induction that
the sequences of vectors {p; }/_,, {w;}.,! are those produced by the algorithm given access to the
oracle (’)A for the matrix A. Finally, the expression for Awr; follows from the definition of A,
and the fact that uz; is chosen to be orthogonal to wr 1.

A.2. Proof of Lemma 10

Consider w = \/1}7“ ZtTJrll u¢, which is a unit vector since uy, ..., ury; are orthonormal. We
have

T T+1
= (S s vroi) (e o)

1 T 1 leY
= Vi1 —Vi)t+Vv = -vy = -1.
VT +1 j;( ACU RN Bl e A,

Therefore, mingecan-1 p Aw = for this choice of unit vector w, so the maximum over all

. x/ﬁ
unit vectors can therefore only be larger.

A.3. Proof of Lemma 11

Consider the vector v; = 3(I — M;M," )€, in the construction, for some . Recalling that the matrix
M; is a function of £, ..., x;—1, which are independent of &,, we have by Lemma 22 that

22
Pr (vl > 2| €11160) < Zexp (55 )

for all z > 0. Since this holds for any realization of &, ..., &,_;, we can apply a union bound over

all ¢ and get that
52
Pr (?61%2]( [Velloo = Z) < 2Tnexp <_252> :
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Choosing z appropriately, this can equivalently be phrased as follows: For any § € (0, 1), with
probability at least 1 — J, max,e(7],1e[n) [Vt,| < B+1/2log(2Tn /). Under this event, and recalling
that vp; = « by construction, it holds for any [ € [n] that

2
T

2 T
A" = E:U] 10— Vi) u +ourgupgy
=
T T
= (v vi0)? + o2, & 2007y +v5;) +v7
1,0 — Vj1) Tl ] 1, T
Jj=1

< 2”8,1 + 4ZUJ2J < 202 +4T6?% - 210g(2Tn/6) ,
j=1
where (1) is because uy,...,ur; are orthogonal unit vectors, and (2) is because (z — y)? <

222 + 2y for any z,y € R. By the assumption stated in the lemma, this expression is at most 1 as
required.

A.4. Proof of Proposition 12
Fix some w € R%, and define the auxiliary vector r = (r1,...,r7) € RT as
VielT—1]: rj:ujTW—ujTHw T = UpW, Q)

as well as the scalar ry = u; w. By construction, we have

T
Z Vi-1— 'W = ZVJ u w- g+1W) vr(urw)

7=1
T-1 T
= ToVo — Z TjVj — vy = T9Vo — Z T'jVj
j—l j=1

= arol—ﬁZTj I—- MMT)E

7j=1
T T
= O[T'Ol—ﬁ erﬁj —ZTijM]Téj . (6)
J=1 j=1

Our goal will be to show that with high probability over the random choice of the Gaussian random
variables &1, . . ., &7, simultaneously for any r, the vector above contains a non-positive entry. Thus,

with high probability, the expression Z;TF:l (Vi1 — vj)uTw will have a non-positive entry simul-

J
taneously for any w, which implies the proposition. For that, we will analyze separately Z;‘-le ;i€;

and Z?zl riM;M ]T §;. in the following two lemmas.
Lemma 19 The following holds with probability at least

1 —exp (T log(2n) — %)
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over the random choice of €1, . .., &p: For anyr € R, there exists a subset L C [n] such that
n a 1
L|> — and min r€. | >=|r
€12 55 and wip | 3origs | = gl

Proof Let 2 € R™*” be the matrix whose j-th column is £, so that Z;‘le r;€; = Er. Note that =
is composed of n x T' independent standard Gaussian entries.

Without loss of generality, it is enough to prove the bound for any unit r: Namely that with high
probability, for any unit r,

—~

1
Zr), > 5 for at least % indices [ @)

(the result for all r € R” follows immediately by scaling r). First, let us fix a unit r and some
index [ € [n], and note that (=r); has a standard univariate Gaussian distribution. A standard fact
about this distribution is that the probability of getting more than 1 (namely, more than one standard
deviation from the mean) is at least 0.1587... > 0.15. Therefore, for any fixed r, [,

E[1z>1] = Pr(Er); >1)>0.15,

where 1 is the indicator function for the event E. Noting that {1(Er)121}ln:1 are independent
random variables (since the rows of = are independent), it follows by a standard multiplicative
Chernoff bound that

n n
n 1
Pr <Z LErz1 < 20) =Pr (Z L(zr),;>1 < 0.15n - 3>
=1 =1

2
< exp (—9 . 0.15n> = exp (—%) .

This bound is true for any fixed unit r. In order to extend the bound simultaneously for all unit r,
we will use a standard e-net argument: Fix some € > 0, and let AV, be an e-net of the unit Euclidean
ball in RZ, of size < (% + l)T (namely, a collection of unit vectors so that each r in the unit ball is
e-close in Euclidean distance to one of the vectors). The existence of an e-net of this size is shown,
for example, in (Vershynin, 2012, Lemma 5.2). Using a union bound and the displayed equation

above, it follows that with probability at least 1 — (2 + 1)T exp (—35)-

i n
VrEN D TEnz > 5 ®)
=1

Assuming this event holds, let s be any other unit vector in R”, such that ||r — s|| < ¢ for some
r € N.. Then letting =, be the [-th row of =, we have

max [(Er — Zs),| = max|Z(r —s)| < max||5] - [r—s| < e-max|Z5] . )
len] len] len] le[m)]

Since = is a standard Gaussian random vector in R”, it follows by a standard tail bound for the
norm of such vectors that

—_ 1 (1/26)2 1
— J— < =~ 7 — —
Vi € [n] Pr <\H1H > 26) 2exp ( 5 2exp 32 )
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hence by a union bound,

1 1
Pr (Iln?xHHlH > 2€> < 2nexp <8€2T> .

Combining this with Eq. (9), it follows that with probability at least 1 — 2n exp (
simultaneously for any e-close unit vectors r, s that

= 2T) it holds

l\.'}\r—l

— <
grelﬁf}il( Zs),|

Combining the above with Eq. (8) using a union bound, it follows that with probability at least

T
2 n 1
= (cr1) e (g5) —mew(—ga7) -

it holds simultaneously for all unit vectors s in R”' that

In particular, choosing € = %, we get that the probability of this event not occuring is at most

n n2
T <_7) 9 L
(n+1)" exp 30 + nexp< 32T>

Assuming n > T (without loss of generality, since otherwise the probability lower bound in the
lemma statement is less than 0), this can be loosely upper bounded by

(n+1)T exp (—?)%—Qnexp( ;2) = (n+1)T + 2n) exp( ;;) < 2(2n)T exp (—;—2) ,

which equals 2 exp(7'log(2n) — g5). This establishes Eq. (7) for any unit r as required. [ |

Lemma 20 Forany 0 € (0, 1), it holds with probability at least 1 — § over &1, ..., & that

2

T
2T
T T 22
vr e RT, j;rijMj &l < 4lrlPT log< 5> .
Proof It is enough to prove that with probability at least 1 — 6,
2
vreRe: ||| =1, Zr M;M]'¢;| < 4T?log 2 (10)
J 5

(the result for all r then follow by scaling).
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By the triangle inequality and Cauchy-Schwartz, we have for any unit vector r

T 2 T 2 T T
STrdpmle| < |l < (Do) [ D IMMTe )
J=1 j=1 j=1 j=1
T
= D MM €7 (11)
Jj=1

Since §; is a standard Gaussian random vector (with zero mean and identity covariance), each
M;M ]Té' ; (conditioned on &y, ..., &,_; which in turn fixes M;) is also Gaussian, with zero mean

and covariance (M;M JT)2 = M;M ]T . Therefore, by a standard tail bound for Gaussian random
vectors,

22 2
Pr (HMijTﬁjH >z &, ,Ej—1> < 2exp <_2Tr(MMT) = 2exp <_2||MH2)
M, illE
.2
<2exp (——
< exp( 4]) 3

where || - || denotes Frobenius norm, and where the last step follows from the fact that M is a
matrix composed of at most 25 orthonormal rows. Therefore, for any ¢’ € (0,1), it holds with
probability at least 1 — ¢’ over &, that

IMMT €| < /A Tog(2]d) -

Letting ' = §/T and using a union bound over all j € [T], we get that with probability at least
1—9, Eq. (11) is at most

T T
D 4jlog(2T/8) < > ATlog(2T/8) = 4T"log(21/5)
j=1 j=1

which leads to Eq. (10) as required. |

Combining Lemma 19 and Lemma 20 with a union bound, and applying them to Eq. (6), we
get the following: With probability at least 1 — § — exp (T'log(2n) — 45) over &, ..., &7, we have
that for any w, there is some subset £ C [n] of size |£| > 55 for which the following inequalities
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hold:
T T T
. T . T
min Y (vici—viujw| = min | arol — 3 > i€y = D riMME
j=1 ; j=1 j=1 !
T T
< rln1£n arg — 3 erﬁj + ZTJMJM]TEj
< J=1 ! Jj=1 1
o 8 . T
< min | arg — Slrl| + 5 ;TijMj &
= I
. 2
o) 3 1
< arg— §||1"H + 8 m Z erMijTSj
lel \j=1 1
2

n T
3 1
< aro—gHI‘H + 5 mz ZTijMJng
=1 \j=1

(3) 20 2T
2 aro = Diiell+ 8¢ 2 - apjelp1 108 ( 2L
2 n o)

l

1 801og(21'/6
Zam—5<2—T g‘1”>Hru
n
4)
< arg— |
T—1
6 B | 4a
=7 Fu?w (u}—w—u;-rJrlw)Z—i—(u;Ew)Q ,

(12)

where (1) is by Lemma 19, (2) is by the fact that a minimum can be upper bounded by an average,
(3) is by Lemma 20 and the fact that || > g4, (4) is by the assumption in the proposition statement,
and (5) is by definition of the vector r and scalar rg in Eq. (5).

We now wish to argue that the expression in Eq. (12) is necessarily non-positive, which would
imply overall that

T T

min E (Vj—1 — Vj)u;rw = min E (Vjo1 — vj)u;-rw <0.
peAnr—1 l€[n]
j=1 j=1

!
Since w is arbitrary, and the probabilistic statements above hold with high probability simultane-
ously for any vectors w, r, it follows that with this high probability,

T T

. T = mi o —vul
sup uin E (Vi1 —vjujw| = lne1[17% E (Vi1 —vjujw| <0,
weRE P j=1 j=1 ;

21



KORNOWSKI SHAMIR

hence proving the proposition.

Indeed, the fact that Eq. (12) is non-positive follows from the proposition assumption that %‘" <

ﬁ, and the following lemma:

Lemma 21 For any integer T' > 1 and 6 € (O, ﬁ}, it holds that
T—1
sup 0xq — (jp1 — )2 +22 <0
xeRT j=1

1 -1 0 0 0 0

-1 2 -1 0 O 0

0o -1 2 -1 0 0
M = .

0 o -1 2 -1

0 0O o0 -1 2

It is easily verified that the expression in the lemma statement equals de{ x — vx ' Mx, where e;
is the first standard basis vector. Moreover, M is positive semidefinite, as by definition x ' Mx =
Z;F:_ll(xjﬂ — ;)% + 22 > 0 for all x.

Suppose by contradiction that the lemma does not hold, namely there exists some x € R’ such
that

delx —VxTMx > 0. (13)

Since Vx ' Mx > 0, it follows that de] x > 0, and therefore de] x + vVx Mx > 0. As a result,

0 < ((5e1Tx — VXTMX> <5eIx + \/XTMX>
= 0%(e]x)? —x"Mx = x' (62e1e1T - M) X.
In other words, we get that x ' (M — 6%eje] )x < 0, and therefore M — §%eje; is not a positive

semidefinite matrix. However, we will now show that M — §2eje] is positive semidefinite, which
leads to a contradiction, hence Eq. (13) cannot hold, and thus proving the lemma. Indeed, for any
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vector y, we have

y (M —d%erel )y = —6%y7 + > (yj —yj+1)” + v

T-1

ly; — yjs1] + lyr|
7j=1

V=
|
(=%

O
<
=0

+
\

T—1
yj+1 +yr

—_

]:

Ve
|
>,
[N~}
Ned
Ll ]
+
M| =
= A A
|
no

3
>0

—
=

where (1) uses the fact that ||z||2 > %Hz”l for any z € RT, (2) uses the triangle inequality, and

3) is by the assumption that § € (0, —=— ). Therefore, M — §%e e, is a positive semidefinite
y p JT—1 1 P

matrix, which as explained above proves the lemma. |

A.5. Proof of Theorem 7

Examining the conditions in Proposition 12, Lemma 10 and Lemma 11, we see that in order for all
of them to be applicable, we must choose o < % (Proposition 12), 5 < Tlog (Lemma 11),

yet the margin guarantee is ~ % (Lemma 10). Thus, to make the margin —% T s large as possible,
. . . ~ 1 ~ A ~ 1
yet satisfying all of the constraints, we should choose 8 ~  / 77c-— Tog () and a ~ NalaloyrermE and

. . 1
get a margin guarantee of approximately % N,
T+/Tlog(n)

A bit more formally, pick (say) = 1/10 in both Proposition 12 and Lemma 11, and choose 5 =
1 for some sufficiently large universal constant c, as well as o = % = L Ctis

cy/T log(n) 4c¢T+/log(n)

easily verified that with this choice, the assumptions in Proposition 12, Lemma 10 and Lemma 11

are all satisfied, and (with a union bound), the resulting matrix A satisfies both max;c, | 4[| < 1,
[0

: T < : T > > 1
mingean-1 P’ Awryy < 0 and maXy,wj<i Minpean-1p AW > VT 2 ar st (for

some universal constant ¢’ > 0) with some positive probability. Hence, by the probabilistic method,
a suitable fixed matrix A satisfying all of the above must exist.

Appendix B. Missing proofs from Section 5
B.1. Proof of Proposition 14

Given any matrix A € [—1,+1]"*4, define the operator

Y(A) == (A; —A) € R
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Somewhat abusing notation, we will also define 1/ as a mapping from the unit ¢; ball in R? to A2¢—1

as follows:
d

2d
’QD(W) = Z |U)J| (]-wj>0 . Ej + ].wjg(] . ej+d) S R 5
j=1
where 1 is the indicator function for the event E. In words, ¥(w) is the 2d-dimensional vector
where the first d entries correspond to the positive entries in w, and the last d entries correspond

to the absolute values of the non-positive ones. We will also define the inverse operator 1) ~! from
A24-1 {6 the unit ¢; ball in R? as

M&

wd+] e] € R
J:1

This is indeed a mapping to the unit ¢; ball, since for any w € A24~1,

d

[~ (W)l = Z|w]—wdﬂ\ <> (wil + lwags]) = 1.

j=1

Moreover, it is easily verified that Aw = 1)(A)y(w) and Ay~ (w) = (A)w.

Now, given the algorithm A for the simplex domain and a matrix A € R™*9, consider the fol-
lowing algorithm for the /; domain: Run A on the matrix 1)(A) € [—1, 4+1]"*?¢ for T iterations, re-
sulting in the vector wpq € A24=1 and return the vector Pt (Wpy1) € R? (which has ¢; norm at
most 1 by the above). Letting w* be some optimal solution of maxy,crd. |w||, <1 MiNpean—1 p' Aw,
we have

( max min pTAW) —( min pTAQ/) (WT+1)>

weR?:||lw||1 <1 peAn—1 eAn—1

= ( min p' Aw* > —( min p' At~ (WT+1)>

peAn 1 peAn 1

= (i pTutuw) - (min, pT o)

peAnfl cAn— 1

< ( max  min pTH(A)w )—( min_pT (A )WT+1) < (T, d)

weAQd lpeAn 1 cAn— 1

as required, where the last inequality is by the guarantee on the algorithm .A.

B.2. Proof of Lemma 17

Consider w = Zt | uz, which by construction satisfies || w||; < 1. Sinceuy, ..., ur4q

ZT+1 [lae (|1
are orthonormal, we have

T+1 T T+1
(z nutnl) Aw = [ — vyl +vrufs, (z)
t=1

Jj=1

:ZVJ1—V] +vp =vg = a-1. (14
7=1

24



ORACLE COMPLEXITY OF MATRIX GAMES

Moreover, recalling the construction of u; in Construction 16, we have by the second half of

Lemma 22 that
22 d
HutHOO = f El"“?Et 1 < QdGXp 7@ +6Xp 48 .

This holds for any realization of £}, ..., &}_, hence by a union bound

z 22 d
P d>=) <(@+1(2 .
r(m?%i)h e |\/&> < (T )<dexp< 8>+ep< 48))

Equivalently, by equating 2d exp(—z2/8) to , we have that for any § € (0, 1), with probability at
least 1 — (7" + 1) (§ + exp(—d/48)),

8log(2d /5
max_[[ugf|ee < M, (15)
te[T+1] d
in which case
T+1
8log(2d/5
jg: |wli < (T'+1)d Ogil/) = (T +1)+/8dlog(2d/s) .

Coarsely upper bounding (7" + 1) by 27 and plugging into Eq. (14), it follows that with probability
atleast 1 — (T'+ 1) (6 + exp(—d/48)) > 1 — 2T'(6 + exp(—d/48)), each entry of Aw is at least

[0
8dlog(2d/d)

This holds for the w we have chosen, so the maximum of mingean-1 p ' Aw over all vectors w in
the unit #; ball can only be larger, from which the lemma follows.

B.3. Proof of Lemma 18

Recalling the construction of v; in Construction 8, and applying Lemma 22 combined with a union
bound, it follows that for any z > 0,

2
Pr (?el%r)](HVtHOO > z> < 2Tnexp <_2252> .

Equivalently, by choosing z appropriately, we have that for any § € (0, 1), with probability at least

1-4,
max || Vi|leo < Byv/2log(2Tn/6) .
te(T)

Also, applying the same lemma with respect to u; (as done in Eq. (15) above), we have that with
probability at least 1 — (7" + 1) (6 + exp(—d/48)),

Rlog(2d/d
max ||[ugf|eo < 7g( /9) .
te[T+1] d
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Assuming these two events hold (with probability at least 1 — § — (7" + 1) (6 + exp(—d/48)), by a

union bound), and recalling that v; = « for all [ by construction, it holds for any [ € [n],i € [d]
that
T
|Ai| = Z V10— V1)U + VT U4
7j=1

<3 fvjora = vjal - lugal + loral - Jur il
j=1

8lo 2d J)
<\ 8(2d/9) Z\vj 1,0 — 5| + vyl

T
j:
T

81lo 2d J)
< P (57 oy g+ fesal) + o

< “’gfd/‘”(ﬁzmm) .

By the assumption stated in the lemma, this expression is at most 1, hence the entries of A are
bounded in [—1, 4+1] as required. All this holds with probability at least 1 —d—(7'+1) (§ + exp(—d/48)),
which can be coarsely lower bounded by 1 — 37" (§ + exp(—d/48)).

—_

<.
—_

B.4. Proof of Theorem 15

We construct the matrix A as in Construction 16. Examining the conditions in Proposition 12, and
Lemma 17 and Lemma 18, and ignoring log factors momentarily, we see that in order for all of

them to be applicable, we must choose o < % (Proposition 12), satisfy 5 < @ and a < Vd
(Lemma 18), yet the game value guarantee is ~ TL\@ (Lemma 17). Thus, to make the game value

Vd
T

—9_ ag large as possible, yet satisfying all of the constraints, we should choose § =

TVd
~ ~ ] d ; i
o % ~ \/; , and get a margin guarantee of approximately

and

[ 1
TvVd ~ T2T®
A bit more formally, pick (say) 6 = 1/(507") in both Proposition 12, Lemma 17 and Lemma 18,
and choose

5 Vd
cT'\/log(nT)log(dT)
for some sufficiently large universal constant c, as well as
B _ Vd

" AT 4cT\/Tlog(nT)log(dT) |

It is easily verified that with this choice, as well as the theorem assumptions, the conditions in
Proposition 12, Lemma 17 and Lemma 18 are all satisfied, and (with a union bound), the resulting
matrix A satisfies both A € [—1, —|—1]"Xd and minge An-1 pTAwT+1 < 0, as well as (for some
constant ¢ > 0)

max min p'Aw >

o 1 1
WillWHSlpeA"*p = ¢T/dlog(dT)  4cc’log(dT)\/log(nT) T?>VT'
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all with some positive probability. Hence, by the probabilistic method, a suitable fixed matrix A
satisfying all of the above must exist. Coarsely upper bounding log(dT) by log(d?) = 2log(d),
and log(nT) by log(n?) = 2log(n), and plugging in the displayed equation above, the theorem
follows.

Appendix C. Auxiliary lemma

Lemma 22 Let £ ~ N(0,1,) be a standard Gaussian random variable, and define the vector
X = B(I — MM "¢ where M is some matrix composed of orthonormal columns, and 3 > 0. Then
forall z > 0,
2
Pr(||x]lecc > 2) < 2gexp (—2252> .

Moreover, if the number of columns in M is less than q/2, then it also holds that

[1%[loo o 2 22 q
P> ) < e () vew ()
Proof x has a zero-mean Gaussian distribution, with covariance matrix 82(1 — MM ")? = B2(I —
MM ). In particular, for any fixed index [, the coordinate ; is a zero-mean univariate Gaussian
with variance 3%e]' (I — MM ")e; = 8%(1 — |le] M||?) < 3% Therefore, by a standard Gaussian
tail bound, Pr (|z;| > z) < 2exp (—2%/25%) for any = > 0. Applying a union bound over all
indices [ € [¢], we get

2
Pr(||x]lec > 2) < 2gexp <_2ZBQ> , (16)

from which the first inequality in the lemma follows.

As for the second inequality, note that since M has at most ¢/2 orthonormal columns, then
I — MM is a projection matrix to a subspace of R? of dimensionality at least ¢/2. Thus, ||(I —
MM T)€|| has the same distribution as the norm of a standard Gaussian random variable on R*
where s > ¢/2. Using a standard tail lower bound for such Gaussian norms (see for example
(Shalev-Shwartz and Ben-David, 2014, Lemma B.12)), it follows that

Pr <||<I— MMEP < 5 q) <Pr <||(I— MMT)E|? < % : s> < exp (_i)

=979
)

< —— ) .
—eXp( 48

Therefore, since x = 5(I — MMT)ﬁ,

pr (Il < 2Y7) = P -aarTe < 1) < e (-f)

Combining this with Eq. (16) using a union bound, it follows that

1% 0o 22 > < 22 > q
Pr > < 2gexp | —==5 | +exp (——) .
(HXH2 BVa 26° 48

Substituting z instead of 2z//3 and simplifying a bit, the result follows. |
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